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ABSTRACT
We classify all finite groups G such that the product of any two non-
inverse conjugacy classes of G is always a conjugacy class of G. We also
classify all finite groups G for which the product of any two G-conjugacy
classes which are not inverse modulo the center of G is again a conjugacy
class of G.

1. Introduction

We're going to consider finite groups G in which the product of two conjugacy
classes is itself a conjugacy class, except in a few cases where that product
obviously can’t be a single conjugacy class. If we denote by & the G-conjugacy
class of an element z € G, then the product z¢y® of two conjugacy classes =€

and y© in G is itself a conjugacy class if and only if it satisfies

zSy% = (zy)°.

This equation holds trivially if either = or y belongs to the center Z(G) of G.
So we may assume that both x and y lie in the complementary subset G — Z(G)
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to Z(G) in G. Then (1.1) certainly fails when z€ is the inverse class (y~1)¢ to
e
|zCyC| > |z%| > 1, and thus must contain at least one other conjugacy class.

, since zCy% then contains the trivial conjugacy class 16 = {1}, but has size

Our first assumption is that this is the only situation in which (1.1) fails. So we
are going to consider finite groups G satisfying

HypoTHESIS A: Equation (1.1) holds for all z,y € G such that ¢ # (y~1)¢.

Of course, this hypothesis holds for every abelian finite group G. Another
large class of groups satisfying it consists of the Camina p-groups. These are
the finite p-groups G such that each non-trivial coset z{G,G] of the derived
group |G, G] is a single conjugacy class z% in G. Of the many papers about
such groups we only mention {2}, [5] and [6]. Using some of the deepest results
in those papers, we can show that all Camina p-groups satisfy Hypothesis A.

Hypothesis A also holds for a few other groups G. One such group is the
semi-direct product F* x F* of the additive group F't of any finite field F
with the multiplicative group F* of F. This semi-direct product is just cyclic
of order 2 when |F| = 2. But it is a Frobenius group for all other |F|. Another
Frobenius group G satisfying Hypothesis A is the semi-direct product Eg x Qg of
an elementary abelian group Ey of order 9 with the unique quaternion subgroup
Qg of order 8 in the automorphism group of Eg. The interest of Fg x (Jg as an
example was pointed out by Camina in his original paper [1].

Our first main result is that the above groups are the only ones.

THEOREM A: A finite group G satisfies Hypothesis A if and only if it is
isomorphic to exactly one of the groups in the following list:

(1.2a) Any finite abelian group.

(1.2b) A non-abelian Camina p-group, for some prime p.

(1.2¢c) The group F* »x F*, for some finite field F' with |F| > 2.

(1.2d) The group Eg x Qg.

Another situation where (1.1) clearly fails is when the classes z¢ and (y~1)¢
have the same non-trivial image zCZ(G)/Z(G) = (y " )®Z(G)/Z(G)} # lg/2(c)
in the factor group G/Z(G). In this case z¢y“ contains some element z € Z(G),
yet has size |zGyC| > |#C| > 1. So it contains both z¢ = {z} and at least one
other conjugacy class of G. Weakening Hypothesis A to avoid this situation, we

obtain
HyPOTHESIS B: Ifz,y € G and z°Z(G) # (y~1)®Z(G), then (1.1) holds.

When a finite group G satisfies this weaker hypothesis, so does any finite
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group H isoclinic to G, in the sense of Philip Hall [3] (see Proposition 4.12
below). Our other main result is that this is the only freedom we have.

THEOREM B: A finite group G satisfies Hypothesis B if and only if it is isoclinic
to a group satisfying Hypothesis A, and thus to one of the groups on the list

(1.2).

Since all abelian groups satisfy both our hypotheses, Theorem A follows from
Theorems 4.3 and 5.8 below, while Theorem B follows from Theorems 4.13 and
5.11. Another consequence of Theorems 4.3 and 5.8 is

THEOREM C: A non-abelian finite group G satisfying Hypothesis B satisfies
the stronger Hypothesis A if and only if Z(G) < [G, G].

2. Notation

Our notation for objects associated with a finite multiplicative group G is mostly
standard. We use 1 or 1¢ to denote both the identity element of G and the
trivial subgroup {1} of G. We write {(z) for the cyclic subgroup of G generated
by a given element z € G. We denote by G* the set G—1 = G — {1} of all non-
identity elements of G. To say that some H is a subset, a subgroup or a normal
subgroup of G we write H C G, H < G or H <4 G, respectively. To indicate, in
addition, that H is properly contained in G, we write H C G, H < G or H <1 G,
lzy € G and
[z,y] = [z,y]c denotes the commutator z™ 'y lzy = z712¥ € G. If z € G and
H < G, then z# denotes the H-conjugacy class of all z%, for w € H, and [z, H]
denotes the set of all [z, w], for w € H. Since z% = z[z,w] for all w € H, we
have ¥ = z[z, H]. It follows that ¥y = z[z, Hlyly, H] = zy(z, H]Y[y, H],
and (zy)¥ = zy[zy, H], for any z,y € G. Hence

respectively. If z,y € G, then 2¥ denotes the conjugate element y~

(2.1) oy = (zy)?  if and only if [z, H)[y, H] = [zy, H]

for any z,y € G and H < G.

By long-standing convention the expression [K, H], for subgroups K, H < G,
denotes, not the set of all commutators [z,y], for £ € K and y € H, but rather
the subgroup ([z,y] | € K,y € H) of G generated by those commutators. This
does not conflict with the previous notation when K is the element or subgroup
1 of G, since both the subset {1, H] and the subgroup [1, H] are equal to {1}.
However, there could be a conflict when K = H = N, for some N < G. In this
case N is both a subgroup of G and the identity element 15/x of the factor group
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G/N. So the expression [N, N], when defined using commutation in G, denotes
the commutator subgroup of N, while that same expression, when defined using
commutation in G/N, denotes the identity element N = 1g/ny = [1g/~,1g/N]
of G/N. To avoid this ambiguity, we always write any commutator expression
in the form [X,Y]q/n when it is to be computed using commutators in G/N,
reserving the notation [X, Y] for expressions to be computed in G.

We write the subgroups in the lower central series of G as v,(G), where n
runs over all strictly positive integers. They are defined inductively by

(2.22) M(G) =G
and
(2.2b) Yn+1(G) = [ (G), G]

for any integer n > 1. Note that 2(G) is the derived group |G, G] of G. Because
G is finite, there is a unique integer ¢ > 0 such that 11(G) > %(G) > +-- >
Ye+1{G) = Ye42(G) = ---. We define 7o (G) to be the “limit group” 7Yc41(G).
So the full lower central series for G is

23)  G=m(G)>mn(G)> > 741(G) = Ye42(G) = - = 10 (G).
It follows from this and (2.2b) that
(2.4) ['Yoo(G)a G| = Yoo (G).

Furthermore, the factor group G/.(G) is nilpotent with class ¢. Indeed, 750 (G)
is the smallest normal subgroup N of G such that the factor group G/N is
nilpotent.

If H < G, and X is either a subset or an element of G, then Ny (X) and
Cy(X) denote the normalizer and centralizer, respectively, of X in H. We
write Z(G) for the center Ce(G) of G.

Our one non-standard notation concerns what we shall call the right
multiplier

(2.5) My(S)={y€ H| Sy = S}

of any subset S C G in any subgroup H < G. Clearly My(S) is a subgroup
of H, and S is a union of cosets tMg(S) of this subgroup. Hence [Mg(S)|
divides |S|. Because our group G is finite, so is its subset S. Since |Sy| = |5],
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for any y € H, we conclude that Sy = S if and only if Sy C S. So we have the
alternative definition

(2.6) Mu(5)={ye H|Sy C S}

for right multipliers in finite groups. Finally, we remark that the subgroup
Mg (S) is normal in H whenever the subset S is H-invariant, in the usual sense
that S = S for all z € H. In particular, Mg(z¥) is a normal subgroup of G,
for any conjugacy class € in G.

3. Conjugacy classes
Our hypotheses pass immediately to factor groups.

PROPOSITION 3.1: If a finite group G satisfies Hypothesis B, then so does the
factor group G/N of G by any N < G. If, in addition, N contains Z(G), then
G/N satisfies the stronger Hypothesis A. On the other hand, G/N also satisfies
Hypothesis A whenever G does.

Proof: Let G be the factor group G/N. The natural epimorphism e: z — N
of G onto G sends Z(G) into Z(G). It also sends the G-conjugacy class € of
any z € G onto the G-conjugacy class e(z)® of e(x). Hence it sends z6Z(G)
into e(z)SZ(QG).

Suppose that Z,7 € G satisfy mGZ((_J) # (77Y)9Z(G). Then there are some
elements z,y € G such that Z = e(z) and § = e(y). If z°Z(G) = (y1)®Z(G),
then

29%(G) = e(a®Z(G)ZE) = ey~ Z(G)Z(E) = (57)°Z(G),

which is false. So z¢Z(G) # (y~1)°Z(G). Hence z°y% = (zy)¢ by Hypothesis
B for G. Applying the epimorphism e to this last equation, we obtain :Eéyé =
(27)C. Therefore Hypothesis B holds for G = G/N whenever it holds for G.

Suppose that the above Z,5 € G only satisfy zC # (37_1)@, but that Z(G) <
N. Then e(Z(G)) = 1g, so that the equation zCZ(G) = (y ‘I)GZ(G) still
implies a contradiction & = e(¢9Z(Q)) = e((y~!)9Z(G)) = (5=1)¢. With this
modification, the above argument shows that G = G/N satisfies Hypothesis A
when Z(G) < N and G satisfies Hypothesis B

Finally, if G satisfies Hypothesis A, then € 7é (! )G implies ¢ # (y~1)°,
and thus implies both z6y¢ = (zy)¢ and z95° = (£7)C. So G satisfies
Hypothesis A, and the proposition is proved. ]

A simple, but useful, consequence of Hypothesis A is
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PROPOSITION 3.2: Ifa finite group G satisfies Hypothesis A, then zZ(G) = z¢
for every element z € G — Z(G). Hence Z(G) < [K,G] whenever K is a non-
central subgroup of G.

Proof: The product %z is equal to the class (z2)¢ = ((z~'271)"1)%, for
any z € G — Z(G) and any z € Z(G). If ¢ # 2%z, then Hypothesis A for
y = 271271 tells us that £%(z71271)¢ = (z(z~'271))¢ = (z71)¢ = {71}
This is impossible because || > 1. Therefore ¢z = 2€ for all z € Z(G), i.e.,
z9Z(G) = «C.

If K is a non-central subgroup of G, then there is some element z € K —Z(G).
By the above arguments we have GZ(G) = z¢. Hence

Z(G) = [z,1)Z(G) C [z, G)Z(G) = 2 12CZ(G) = z~'2% = [z,G] C [K,G].
So the proposition holds. |

For the rest of this section G will be an arbitrary finite group satisfying
Hypothesis B. We want a clearer description of the possible conjugacy classes
x% = z[z,G), for z € G. Suppose that z lies in some normal subgroup N of G
containing Z(G). Then [N, G} is a normal subgroup of G contained in N. So
is the product [N, G])Z(G). When z does not lie in [N, G|Z(G), the conjugacy
class € has a very simple description.

ProposiTiON 3.3: If Z(G) < N < G, for some finite group G satisfying Hy-

pothesis B, then [z,G] = [N, G] for allz € N—[N, G]Z(G). Hence the conjugacy
class ¢ = z[z, G) is the coset z[N, G|, for all such z.

Proof: Let M be the normal subgroup [N, G]Z(G) of G contained in N. We
prove the proposition in a series of steps.

STEP 1: For any x € N — M the subset [z, G] is a normal subgroup of G.

Proof: We first show that [z, Gly C [z, G|, for any y € [z, G]. Since z does not
lie in the normal subgroup M of G, while y does, the conjugacy classes & and
(y~1)C are subsets of the disjoint sets N — M and M, respectively. Because
M contains Z(G), it follows that z%Z(G) # (y~!)®Z(G). Thus z6y¢ = (zy)¢
by Hypothesis B. But y = [z, 2] = 27127, for some z € G. Hence zy = 2% is
conjugate to z, and (xy)¢ = z¢. Therefore

zle,Gly = 2% C 2%y° = (2)¢ =29 = zlz,G).

So [z,Gly C [z,G), for all y € [z,G].
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We have seen that the subset [z,G] of the finite group G is closed under
multiplication in G. Since [z, G| contains 1 = [z, 1], it must be a subgroup of
G. The commutator identity [z, zw] = [z, w][z,2]¥, for w,z € G, implies that
[z,G]Y = [z,w] ![z,G] = [z,G], for any w € G. So the subgroup [z,G] is
normal in G, and this step is proved. |

The relations between the various subgroups [z, G] are based on

STEP 2: Ifz € N— M and y € N satisfy zM # y~'M, then [z,G][y,G] =
[zy, G.

Proof: The conjugacy class z€ is z[z, G] C z|N, G]. Hence the product z6Z(QG)
is contained in z[N,G]Z(G) = =M. Similarly, (y~!) is contained in y~1M.
Since the cosets zM and y~ M of M are different, they are disjoint. Therefore
zCZ(G) # (y~1CZ(G). So xy® = (zy)¢ by Hypothesis B. In view of (2.1)
this last equation is equivalent to [z, G)¥]y,G] = [zy,G]. But [z,G)Y = [z,G],
since [z, G] < G by Step 1. Thus the present step holds. 1

One consequence of the preceding step is

STEP 3: For any * € N — M, the normal subgroup [z, G| contains [M,G]. So
the subgroup [z, G] depends only on the coset tM.

Proof: Ify € M, then zM # M = y~' M. Hence [z,G]ly,G] = [zy, G] by Step
2. It follows that |[z, G]| < |[zy, G]|. A similar argument, using zy € N — M and
y~! € M in place of z and y, respectively, shows that |[zy, G]| < |[(zy)y~1,G]| =
[z, G]|. Therefore |[zy, G]| = ||z, G]|.

For any z € [y, G}, the product [z, Gz is a subset of size |[z, G]| in the finite set
[z,G]ly, G] = [zy, G] with the same size. So it must equal the latter set. Since
1 = [zy, 1] lies in [zy, G], we conclude that 2~ belongs to the finite group [z, G].
It follows that 2z € [z,G] for all z € [y,G] and all y € M. Thus [M,G] < [z,G].
This implies that [zy,G] = [z,G]|y,G] = [z,G], for all y € M. Hence the
subgroup [z, G] depends only on the coset zM, and the step is proved. ]

Now we can finish the proof of Proposition 3.3. Suppose that z,y € N — M
satisfy zM # yM. Then zy~! € N — M, so that [z,G], [y,G] and [zy~!,G]
are normal subgroups of G by Step 1. Furthermore, zy~'M = tMy 'M is
different from y~!M, since tM # M. So Step 2, with zy~! in place of z, tells
us that [zy™1,G]ly,G] = [(zy™!)y,G] = [z,G]. Hence the subgroup [y,G] is
contained in [z,G]. By symmetry [z, G] is contained in [y,G]. Thus [z,G] =
ly, G] whenever z,y € N — M lie in different cosets zM,yM of M. On the
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other hand, [z,G] = [y,G] by Step 3 whenever z,y € N — M lie in the same
coset M = yM of M. So the subgroup [z, G] is independent of the choice of
z € N — M. Since this subgroup contains [M, G] by Step 3, we conclude that
it equals the subgroup [N, G] generated by the subsets [z,G|] for z € N. Thus
Proposition 3.3 is proved. |

The other situation we must handle is that in which z belongs to some normal
subgroup N < G such that [N, G] = N. For the moment we only treat the case
where N is a minimal normal subgroup of G, i.e., is minimal among the non-
trivial normal subgroups of G.

PROPOSITION 3.4: Let N be a minimal normal subgroup of some finite group
G satisfying Hypothesis B. Suppose that [N,G] = N. Then N¥ = N -1 isa
single G-conjugacy class with size [N#| > 1. Hence N is an elementary abelian
p-group, for some prime p.

Proof: The intersection N N Z(G) is a normal subgroup of G contained in
N. Tt cannot equal N, since [N,G] = N > 1 = [N N Z(G),G]. So it must
be 1 by the minimality of N. It follows that two elements z,y € N satisfy
z9Z(Q) # (y~1)CZ(G) if and only if € # (y~1)¢. Thus Hypothesis B implies
that

(3.5) 2%yC = (zy)® whenever z,y € N and z€ # (y~1)°.

Our minimal normal subgroup N is non-trivial by definition. So there is some
element z € N#. Since N < G, it follows that & C N#,

Suppose that & C N#. Then some element y € N# satisfies & # (y~!)C.
By (3.5) this implies that 2Cy® = (zy)C.

If (zy)“ # y©, then we can apply (3.5) with zy and y~! in place of = and y,
respectively. It tells us that (zy)%(y~1)¢ = z€. So zCy%(y~1)¢ = z¢. Thus
yG(y~1)C is a subset of the group Mg (z®) in (2.6). The multiplier Mg (z%)
is a normal subgroup of G. It is properly contained in N, since t  C Nisa

=

1

non-empty union of cosets of Mg (z%). So it must be 1 by the minimality of N.
Thus 3 (y~1)¢ = 1, which forces y© to consist of a single element y € Z(G).
This is impossible, since y € N# and N NZ(G) = 1. Therefore we must have
(zy)® = yC.

Now y°z¢ = 2%y% = (zy)¢ = y©. So z€ is a subset of Mg(y®). But
Me(y%), like Mg(z), must be 1. Therefore z¢ = 1, which is impossible since
z € N#. Because the assumption z& C N# always leads to a contradiction,
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we conclude that N# = z€ is a single G-conjugacy class. Of course, [N#| > 1,
since otherwise N would be central in G, contrary to our assumptions.

If the minimal normal subgroup N is not abelian, then it is a direct product
of non-abelian simple groups. So its order must be divisible by at least two
distinct primes p and ¢. Then N# contains at least two distinct G-conjugacy
classes — one consisting of elements with order p, and one consisting of elements
with order g. This is false because N# is a single conjugacy class. Thus N is
abelian. The minimality of N now forces it to be an elementary abelian p-group,
for some prime p. So the proposition holds. |

We use Proposition 3.1 to extend the above result to

PROPOSITION 3.6: Suppose that 1 < N = [N,G] < G and Z(G)N N =1, for
some finite group G satisfying Hypothesis B. If N/M is a chief factor of G, for
some M QG with M < N, then N — M is a single conjugacy class in G.

Proof: Fix a normal subgroup M of G contained in N such that N/M is a
chief factor of G, i.e., such that N/M is a minimal normal subgroup of G/M.
Since [N,G] is N, its image [N/M,G/M]¢,p under the natural epimorphism
e: G - G/M is N/M. Propositions 3.1 and 3.4 now tell us that (N/M)# =
(N/M) -1/ is a single G/M-conjugacy class with size |(N/M)#| > 2. Hence
any G-conjugacy class ¢ C N — M has image e(z®) = (N/M)# in G/M.

Suppose that N—M is not a single G-conjugacy class. Then there are elements
z € N— M and y € M such that (yz)¢ and 2 are two distinct G-conjugacy
classes contained in N — M. Since Z(G) N N = 1, it follows that (yz)®Z(G) #
z9Z(G) = ((z71)"1)CZ(G). Hypothesis B now tells us that (yz)¢(z~1)¢ =
((yz)z~')¢ = y©. But e sends both conjugacy classes (yz)¢,(z=')6 CN - M
onto (N/M)#, and sends y& C M to 1g/pr. So (N/M)#(N/M)# = 1g/pr. This
is false because |(N/M)#| > 2. Thus N — M is a single G-conjugacy class, and
the proposition holds. |

Finally, we note the following easy consequence of Propositions 3.1 and 3.4.

PROPOSITION 3.7: Any finite group G satisfying Hypothesis B is solvable.

Proof: If G is not solvable, then it has two normal subgroups M and N such
that M < N < G and N/M is a non-abelian minimal normal subgroup of G/M.
This is impossible by Proposition 3.4, because [N/M, G /M]¢/p must be N/M,
and G/M satisfies Hypothesis B by Proposition 3.1. So this proposition holds.
i
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4. Nilpotent groups

All finite abelian groups G satisfy both Hypothesis A and Hypothesis B. In this
section we’re going to study non-abelian nilpotent groups G satisfying one of
these hypotheses. Such G are closely related to Camina p-groups.

We follow [2] by saying that a finite group G is a Camina group if each non-
trivial coset z[G, G| € (G/[G,G))¥* is a single G-conjugacy class € = z[z,G].
This is obviously equivalent to

(4.1) [z,G] =|G,G], forallzeG-|G,G].

Every abelian group is a Camina group. The other nilpotent Camina groups
satisfy

PROPOSITION 4.2: Any non-abelian nilpotent Camina group G is a p-group,
for some prime p.

Proof: Because G is nilpotent and non-abelian, it has a non-abelian Sylow p-
subgroup Gp, for some prime p. Furthermore, G is the direct product Gp x G
of G, with the unique Hall p’-subgroup G, of G. So |G, G] is the direct product
of (Gp, Gp] < Gp with [Gpr,Gp] < Gy

There is some element z € G, — [Gp,Gp] = Gp — |G,G]. By (4.1) we have
[z,G] = [G,G] = [Gp,Gp] X [Gpr,Gpr]. But [x,G] C Gp, sincex € G, 1G. It
follows that [Gp,Gy] = 1.

The abelian direct factor G, is now central in G. Hence [y,G] =1 < [G,G],
for any y € G:f, = Gy — [G,G]. But [y,G] = [G,G] by (4.1). This contradiction
shows that G, = 1. Therefore G = Gy, is a p-group. |

Camina p-groups have been studied extensively, notably in [2], [5] and [6]. As
a result of those studies we have

THEOREM 4.3: The following properties are equivalent, for any non-abelian
nilpotent finite group G:

(4.4a) G satisfies Hypothesis A.

(4.4b) G satisfies Hypothesis B, and Z(G) < |G, G].

(4.4c) G is a Camina p-group, for some prime p.

Proof: Suppose that G satisfies Hypothesis A. Then it satisfies the weaker
Hypothesis B. Since G is not abelian, we may apply Proposition 3.2 with K = G
to conclude that Z(G) < [G, G]. Therefore (4.4b) holds when (4.4a) does.
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If G satisfies (4.4b), then Proposition 3.3 for N = G tells us that (4.1) holds.
So G is a Camina group. Now Proposition 4.2 completes the proof that (4.4c)
holds when (4.4b) does.

Finally, suppose that G is a Camina p-group, for some prime p. The class of
the p-group G is either 2 or 3 by the Main Theorem of [2]. In either case, [5,
Theorem 5.2(i)] and the definition of Camina groups imply that the conjugacy
classes of GG are given by

2% = z75(G) if z € G — 1(G),
=z%(G) if 2 € %2(G) - 1(G),
= {z} if z € 13(G).

With this information it is straightforward to verify that G satisfies Hypothesis
A. So (4.4a) holds when (4.4c) does, and the theorem is proved. |

To state an equivalent of the above theorem for Hypothesis B we shall use
Philip Hall’s concept of isoclinism in [3]. Let G be the factor group G/Z(G)
of an arbitrary finite group G. For the rest of this section T and § will denote
arbitrary elements of G, while r and y denote arbitrary elements of G having
images # = zZ(G) and § = yZ(G) in G. Commutation in G induces a well
defined function ¢ = cg: G x G — [G, G|, sending Z and 7 to

(4.5) o(z,§) = [z, 9] € [G,G].

This function determines many things. For example, the natural homomor-
phism A = hg: © — 2Z(G) of |G,G] into G = G/Z(G) sends c(%,7) € [G,G)
to

(4.6) h(c(z,9)) = [&,7lg € G.

Since the group [G, G] is generated by all possible commutators ¢(z,§) = [z, y],
this implies that the function ¢ determines the homomorphism h.

The map z,§ — z¥ = z¥ is a well defined conjugation action of G on G,
leaving (G, G] invariant. Since z¥ is z[z,y], we have

(4.7) z¥ = zc(h(z), §) € [G, G

whenever € [G,G]. Thus the conjugation action of G on [G, G] is determined
by c and h, and hence by c alone, as Philip Hall remarked in [3].

He also remarked that the subgroups v,(G), for n > 2, are determined by c.
Indeed, v2(G) is

(4.8a) 72(G) = G, G,
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while ¥,41(G) = [vn(G), G|, for any n > 2, is the subgroup
(4.8b) M+1(G) = c(h(W(G)),G) < [G,G]

generated by the elements c(h(z), ), for z € 7,(G) and § € G.
Our Hypothesis B also depends only on c.

PROPOSITION 4.9: Hypothesis B for a finite group G is equivalent to

HyporuEsis 4.10: If 2,5 € G and z€ # (771G, then c(z,G)c(5,G) =
c(z5,G).
for the factor group G = G/Z(G) and the function c: G x G — [G,G).

Proof: If # € G is the image zZ(G) of z € G, then the subset zCZ(G) C G is
the inverse image of the conjugacy class Z¢ C G under the natural epimorphism

of G onto G = G/Z(G). Similarly, (y~!)®Z(G) is the inverse image of (7!)%,
whenever y € G has image § = yZ(G) in G. We conclude that the assumption
19Z(G) # (y~!)Z(G) in Hypothesis B is equivalent to the assumption z0 #
(~Y)C in Hypothesis 4.10.

We know from (2.1) that the conclusion zGy¢ = (xy)¢ in Hypothesis B
is equivalent to [z,G)Y[y,G] = [zy,G]. In view of (4.5), this last equation
is equivalent to the conclusion ¢(z,3)%¢(7, @) = ¢(z§,G) in Hypothesis 4.10.
Thus the proposition holds. |

Two finite groups G and H are called isoclinic if there exist an isomorphism ¢
of the factor group G = G/Z(G) onto H = H/Z(G), and an isomorphism j of the
subgroup [G, G] onto [H, H], such that i and j carry the map cg: GxG — [G,G]
to the map cy: H x H — [H, H], in the sense that

(4.11a) cen (i), i(y) = jlcc(2, 7)) € [H, H|

for all Z,7 € G. The resulting pair (4,7) is called an isoclinism of G onto H.
It follows from (4.6) that the isomorphisms ¢ and j must carry hg to hy, in the
sense that

(4.11b) hu(j(z)) = ilhe(z)) € H

for all z € [G,G]. In view of (4.7) they also carry the conjugation action of G
on [G,G] to that of H on [H, H], in the sense that

(4.11c¢) 3 ()P = j(2¥) ¢ [H, H]
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for all z € [G,G] and § € G. Finally, it follows from (4.7) that

(4.11d) J(1m(G)) = m(H)

for all n > 2.

The word “isoclinism” also denotes the relation “G is isoclinic to H.” This
is obviously an equivalence relation among finite groups. Because isoclinism
preserves everything appearing in Hypothesis 4.10, it is clear that a finite group
G satisfies that hypothesis if and only if every finite group H isoclinic to G
satisfies the same hypothesis. This and Proposition 4.9 imply

PROPOSITION 4.12: If a finite group G satisfies Hypothesis B, then so does any
finite group H isoclinic to G.

Using one of Philip Hall’s important results in [3], we can prove

THEOREM 4.13: A finite group G is non-abelian, nilpotent, and satisfies
Hypothesis B if and only if it is isoclinic to a non-abelian Camina p-group,
for some prime p.

Proof: Suppose that G is non-abelian, nilpotent, and satisfies Hypothesis B.
The argument on page 135 of [3] gives us some finite group H isoclinic to G
such that Z(H) < [H, H]. Since G is nilpotent with some class ¢ > 2, we have
1 = v+41(G) < 7(G) € 12(G) = [G,G]. In view of (4.11d) this implies that
1 = Yey1(H) < v(H) € v2(H) = [H,H]|. So H is non-abelian and nilpotent,
with the same class ¢ as G. Because G satisfies Hypothesis B, so does H by
Proposition 4.12. Therefore H is a non-abelian, nilpotent, finite group satisfying
Hypothesis B with Z(H) < [H, H]. By Theorem 4.3 this implies that H is a
non-abelian Camina p-group, for some prime p.

On the other hand, any non-abelian Camina p-group H satisfies Hypothesis
B by Theorem 4.3. In view of Proposition 4.12, so does any finite group G
isoclinic to H. As above, the fact that H is non-abelian and nilpotent implies
the same properties for G. Thus G is a non-abelian, nilpotent, finite group
satisfying Hypothesis B, and the theorem is proved. ]

5. Non-nilpotent groups

Throughout the many lemmas in this section G will be a non-nilpotent finite
group satisfying Hypothesis B, and K will be its normal subgroup v, (G). So
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K is the smallest normal subgroup N of G such that the factor group G/N is
nilpotent. Because G is solvable (see Proposition 3.7), this and (2.4) imply that

(5.1) 1< K =[K,G]<G.

The critical step in our argument is

LEMMA 5.2: Suppose there is some complementary subgroup C to K in G such
that Z(G) < C. Then the factor group G/Z(G) is a Frobenius group with
Frobenius kernel KZ(G)/Z(G) & K and complement C/Z(G). Furthermore,
the factor group G/(KZ(GQ)) = C/Z(G) is non-trivial, and is either cyclic or a
quaternion group of order 8.

Proof: If C = Z(G), then G = KC = KZ(G). In view of (5.1) this implies that
1 < K = [K,KZ(G)] = [K, K], which is impossible because K < G is solvable
by Proposition 3.7. Therefore Z(G) < C, and C/Z(G) > 1.

Let z be any element of C — Z(G). Then ¢ € G = K x C does not lie in
KZ(G) = Y0o(G)Z(G). Since 7,(G) is the group v.41(G) in (2.3), there is
some integer n = 1,2, ...,c such that £ € vn(G)Z(G) — Yn+1(G)Z(G). We shall
apply Proposition 3.3 with N = ~,(G)Z(G). The commutator {N,G] is now
m(G)Z(G), G) = [1n(G), G] = 741(G) by (2.2b). So z lies in N — [N, GIZ(G),
and z€ = [N, G] = 2y,+1(G) by Proposition 3.3. In particular, € is a union
of cosets of K = Yoo (G) < Yn41(G). Tt follows that 2 is the full inverse image
of its image (zK)S/¥ in the factor group G/K. Hence |z€| is |K| - |(zK)¢/K]|.

The natural epimorphism of G onto G/K sends C isomorphically onto G/K,
and  to zK. Hence it sends € C C one to one onto (zK)¢/X. So |K|-|z€| =
|K| - |(xK)S/¥| = |zC|. We also have |K|-|C| = |K x C| = |G|. It follows that

61 _ IKI-lc] _ Ic]
28] = K] 1]  1a°]

[Ca(z)] = = [Co(z)|.
This can only happen when Cg(z) is equal to its subgroup Cc(x). Then
Ck(z) = KNCg(r) < KNC = 1. Therefore Cx(x) = 1 for every z € C-Z(G).
Since Z(G) is contained in the factor C of the semi-direct product G = K xC,
the factor group G = G/Z(G) is the semi-direct product K x C of its nontrivial
normal subgroup K = KZ(G)/Z(G) & K with the nontrivial complementary
subgroup C = C/Z(G). The above arguments imply that Cz(Z) = 1, for all
z € C* = C — 1. Therefore G is a Frobenius group, with Frobenius kernel K
and complement C (see [4, Satz V.8.5)).
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The possible Sylow subgroups of the Frobenius complement C are well known
(see [4, Hauptsatz V.8.7]). They are all cyclic except perhaps the Sylow 2-
subgroup, which may be a generalized quaternion group of some order 2" > 8.
Since the epimorphic image C of G/K = G/7(G) is nilpotent, we conclude
that C is either cyclic or the direct product Q x D of a generalized quaternion
group Q with some cyclic group D of odd order. In the former case the proof
of Lemma 5.2 is finished. So we may assume that the latter case holds.

The factor group G = G/Z(G) satisfies Hypothesis A by Proposition 3.1.
Hence so does its factor group G/K. Thus C' = G/K is a non-abelian nilpotent
finite group satisfying Hypothesis A. By Theorem 4.3 this implies that C is a
Camina p-group, for some prime p. Of course p must be 2, since the Sylow
2-subgroup Q of C is non-trivial. The generalized quaternion group C = @ has
an element Z of order |C|/2 lying in € — [C,C]. Then z€ has order 2, yet is
equal to zZ|C, C] by the Camina property (4.1). We conclude that |[C, ]| = 2,
so that the generalized quaternion group C is a quaternion group with order 8.
Hence the lemma holds. |

Before we can apply the preceding lemma we must find a suitable complement
C to K in G. In the minimal case such a complement is given by

LeEMMA 5.3: If K is a minimal normal subgroup of G, then there is some
complementary subgroup C to K in G such that Z(G) < C.

Proof: Proposition 3.4 tells us that the minimal normal subgroup K is an
elementary abelian p-group, for some prime p. The factor group G = G/K =
G/¥s0(G) is nilpotent. Hence it is the direct product G, x G of its unique
Sylow p-subgroup G, and its unique Hall p’-subgroup G,. It follows that the
inverse image of G, is a normal Sylow p-subgroup P of G containing K such
that P/K = G,. By [4, Hauptsatz 1.18.1] there is some subgroup D < G
complementary to P in G = PxD. Then DK/K % Dis Gy. So D is a nilpotent
p-subgroup of G normalizing the p-subgroup P and centralizing P/K = Gp.
This implies that Np(D) = Cp(D), and that P = Cp(D)K = Np(D)K (see
[4, Satz 1.18.6]).

If D =1, then G = P is a p-group, and hence is nilpotent, contrary to
our assumptions. So D > 1. The product DK is the inverse image of Gy,
and therefore is a normal subgroup of G. Because K < G is abelian, the
normalizer Nk (D) is the normal subgroup N (DK) < G. If Ng(D) = K, then
P =Np(D)K = Np(D) = Cp(D). In this case G is the direct product P x D,
which is nilpotent. This contradicts our assumptions. Therefore N (D) = 1.
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Now P is the product Np(D)K of subgroups which intersect in Np(D)NK =
Ng(D) = 1. So Np(D) is a complement to K in P. Since D < Ng(D) is
a complement to P in G, and centralizes Np(D) = Cp(D), it follows that
C = Ng(D) = Np(D) x D is a complement to K in G. Clearly C contains
Z(G) € Cg(D). So the lemma holds. |

In the general case we have

LEMMA 5.4: The factor group G/(KZ(G)) is non-trivial, and is either cyclic or
a quaternion group with order 8.

Proof: Since 1 < K = [K,G], the intersection K N Z(G) is a normal subgroup
of G strictly contained in K. Hence there is some normal subgroup M of G
satisfying K N Z(G) < M < K such that K/M is a chief factor of G. It follows
that N = MZ(G) is a normal subgroup of G containing Z(G) with KNN = M.

The factor group G = G/N satisfies both Hypothesis B and Hypothesis A
by Proposition 3.1. The natural epimorphism e of G onto G sends K onto a
minimal normal subgroup K = KN/N = K/M of G. It follows from (5.1) that
1 < K = [K,G)g. The solvability of G then implies that K < G. The factor
group G/K is an epimorphic image of the nilpotent group G/K, and hence is
nilpotent. So K is precisely 7(G). Now all the assumptions in this section
are satisfied with G and K in place of G and K, respectively. In addition, G
satisfies Hypothesis A, so that Proposition 3.2 gives Z(G) < [K,G]g = K. This
forces Z(G) to be 1, since K is a non-central minimal normal subgroup of G.

The hypotheses of Lemma 5.3 are now satisfied with G and K in place of G
and K, respectively. Hence so are the hypotheses of Lemma 5.2, with the same
substitutions. That lemma tells us that the factor group G/K = G/(KZ(G)) is
non-trivial, and is either cyclic or a quaternion group of order 8. Since K has
inverse image KN = KMZ(G) = KZ(G) in G, this implies the present lemma.
1

Now we can find the complements we need.

LEMMA 5.5: There is always some complementary subgroup C to K in G such
that Z(G) < C.

Proof: Let G be the factor group G/(KZ(G)), and e be the natural epimor-
phism of G onto G. Lemma 5.4 tells us that G is not 1, and is either cyclic or
a quaternion group of order 8.

Suppose that G is cyclic. Then we may choose some element z € G whose
image Z = e(z) is not 1 and generates G. The product C = (z)Z(G) is an
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abelian subgroup of Cg(z) such that G = CK. It follows that [G,G] < K =
Yoo(G) < 72(G) = [G, G]. Hence K is precisely [G,G|. So the fact that Z is not
1 says that z lies in G — KZ(G) = G — [G,G]Z(G). Now Proposition 3.3 for
N = G tells us that 2¢ = z[G,G] = zK. Hence |Cg(z)| = |G|/|z¢| = |G|/|K]|.
The equation CK = G implies that |C|/|C N K| =|G|/|K| = |Ce(z)|. Since C
is a subgroup of Cg(x), we conclude that C N K = 1. Thus C is a complement
to K in G containing Z(G), and the lemma is proved when G is cyclic.

Now suppose that G is a quaternion group with order 8. We may choose some
element Z € G — [G, G|, and some element € G having Z as its image e(z) in
G. Then % has order 4. So we may assume that z is a 2-element, i.e., that its
order is a power of 2.

The product A = (z) Z(G) is an abelian subgroup of Cg(z). Its image e(A) =
e((z)) is (z), which is precisely the centralizer C5(Z) of Z in the quaternion
group G. It follows that e(4) = e(Cg(x)) = Ca(Z) = (Z), and hence that
AK = Cg(z)K is the full inverse image of its image (Z) in G = G/(KZ(Q)).
Since 1 < K < KZ(G), this implies that AK = Cg(z)K is also the full inverse
image of its image AK/K = Cg(z)K/K = Cg/k(zK) in G/K. From this
information we conclude that Cg(z)K, Cq/k(zK) and Cg(Z) have the same
index 2 in G, G/K and G, respectively.

The element z lies in G — [G, G]Z(G), because its image & in G = G/(KZ(G))
lies in G — [G,G]. So Proposition 3.3 for N = G tells us that ¢ = z[G, G].
Hence z€ is a union of cosets of K = 7,,(G) < 72(G) = [G,G], and thus is the
inverse image of its image (zK)%/¥ in G/K.

The order of (zK)G/¥ is the index 2 of Cg /k(zK) in G/K. Hence its inverse
image z© has order 2|K|. But z€ also has order

Gl _ 2ACa(@)K| _ 2K]
|Ce(z)] |Cq ()| [Ck ()|
Therefore Ck (z) = 1, and Cg(z) is a complement to K in Cg(z)K. Because

Cg(z)K = AK, and A < Cg(z), this complement C¢(z) is precisely A.
Let A; be the Sylow 2-subgroup of the abelian group A, and S be any Sylow

|| =

2-subgroup of G containing As. Since AK has index 2 in G, we must have
Ay < S. Hence A; < Ng(Aj). So the Sylow 2-subgroup A, of A is not a Sylow
2-subgroup of Ng(Az). This implies that A < Ng(Az).

The 2-element ¢ € A lies in Ay. Hence Cx(A2) < Cx(x) = 1. The normalizer
Ng(A;) is the centralizer Cx(Az) = 1, since KA, is the semi-direct product
K »x Aj. We conclude that KNg(A2) < G is a semi-direct product K x Ng(A4z2)
properly containing K x A. But K x A has index 2 in G. So K x Ng(Az) must
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equal G, and Ng(A3) is a complement C to K in G with Z(G) < C. Thus the
proof of Lemma 5.5 is complete. ]

The above lemma implies that K N Z(G) = 1. Actually, we can do a little
better.

LEMMA 5.6: The intersection |G, G| NZ(G) is 1.

Proof: We know from Lemma 5.5 that Z(G) is contained in some complement
C to K in G, and from Lemma 5.2 that the factor group C = C/Z(G) is
either cyclic or quaternion of order 8. Since K = [K, G/, the derived group of
G=KxCis|[G,Gl=Kx|[C,C].

If C is cyclic, then C is abelian, [C,C] is 1, and [G,G] is K, which intersects
Z(G) in 1. So the lemma holds in that case.

Now assume that C is quaternion of order 8. Let e be the natural epimorphism
of C onto C. The center Z = Z(C) of the quaternion group C is cyclic of order 2.
So its inverse image Z = e~1(Z) is an abelian normal subgroup of C such that
Z(G) < Z < C. Since Z is the only minimal subgroup of the quaternion group
C, it is contained in (Z), for any # € C*. Hence Z is contained in the abelian
group {(z)Z(G), for any x € C — Z(G). It follows that Z < Z(C). Because
C/Z = C/Z is elementary abelian of order 4, we conclude that C is nilpotent
with class 2, and that [C,C] < Z is the cyclic group of order 2 generated by
[z,y], for any z,y € C such that *Z,yZ generate C/Z.

The epimorphism e: C — C sends [C, C] onto [C, C]s, which is precisely the
subgroup Z of order 2 in the quaternion group C. Since |[C,C]| = 2 = |Z],
it follows that [C,C] intersects the kernel Z(G) of e in 1. Hence the subgroup
Z(G) = 1 x Z(G) of the semi-direct product G = K x C intersects [G,G] =
K x[C,C]in1=1x1, and the lemma is proved. |

We can now simplify K.

LEMMA 5.7: K is a minimal normal subgroup of G.

Proof: Suppose this is false. Since 1 < K < G, there exist two normal sub-
groups L and M of G such that M < L < K, while both K/L and L/M are
chief factors of G. Lemma 5.5 gives us a complementary subgroup C to K in
G such that Z(G) < C. Hence Z(G) N K = 1. By Lemma 5.2 the factor group
G/Z(G) is a Frobenius group, with Frobenius kernel KZ(G)/Z(G) = K and
complement C/Z(G). It follows that K, L and M are equal to [K,G|, [L,G]
and [M, G|, respectively. Since Z(G) N K = 1, Proposition 3.6 tells us that both
K — L and L — M are single conjugacy classes in G.
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The normal subgroup N = MZ(G) < G is now the direct product M x Z(G) in
the semi-direct product G = K xC. It follows that G = G/N is also a Frobenius
group, with Frobenius kernel K = KN/N = (K x Z(G))/(M x Z(G)) & K/M
and complement C = CN/N = (M x C)/(M x Z(G)) = C/Z(G). Furthermore,
L = LN/N = L/M is a minimal normal subgroup of G contained in K, and
K/L = K/L is a chief factor of G. Finally, both K — L and L#¥ = L ~ 1 are
single G-conjugacy classes.

The Frobenius kernel K is nilpotent (see [4, Hauptsatz V.8.7]). So the minimal
normal subgroup L of G contained in K must be central in K. It follows that the
G-conjugacy class L# is a regular C-conjugacy class with order |C|. Similarly,
the G/L-conjugacy class (K/L)# of the Frobenius factor group G/L has the
same order |C|. Thus [K/L| = |L| = |C| + 1. The centralizer C;(Z) of any
z € K — L is equal to Cg(Z), which contains (z) L < (%) Z(K). Since Z ¢ L,
we have L < Cs(Z) < K. It follows that

e |G| Gl _ A 1Rl = 1512 415
|29 = === < 57 = C]- |K/L| = |C]> +|C].
ICa(@)| ~ IL]
But Z€ is K — L, which has order |K| - |L| = (|C]+1)2 = (|C|+1) = |C|2+]|C]|.
This contradicts the preceding inequality, thus proving the lemma. |

Recall from the introduction that F+ x F* denotes the semi-direct product
of the additive group F'* of some finite field F' with the multiplicative group
E* of F. This semi-direct product is a Frobenius group with Frobenius kernel
F* x1 = F* unless F has order |F| = 2. We denote by Ey an elementary
abelian group of order 9. Its automorphism group has a unique quaternion
subgroup Qg of order 8. The corresponding semi-direct product Eg x Qg is also
a Frobenius group. With this notation, the conclusions of this section for groups
satisfying Hypothesis A can be stated as

THEOREM 5.8: The following properties are equivalent, for any non-nilpotent
finite group G:
(5.9a) G satisfies Hypothesis A.
(5.9b) G satisties Hypothesis B, and Z(G) = 1.
(5.9¢) G satisties Hypothesis B, and Z(G) < [G,G].
(5.9d) G is isomorphic to one of the groups on the following list:
(5.10a) Ft x F*, for some finite field F with |F| > 2.
(5.10b) Eg x Qs.

Proof: Suppose that Hypothesis A holds. Then so does the weaker Hypothesis
B. So all the results in this section are valid for G and its subgroup K = v, (G).
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Since 1 < K = [K,G], we know from Proposition 3.2 that Z(G) < K. But
Z(G)NK =1 by Lemma 5.5. Hence Z(G) = 1. On the other hand, if Z(G) is 1,
then Hypothesis A is equivalent to Hypothesis B. Thus (5.9a) holds if and only
if (5.9b) does.

If G satisfies Hypothesis B, then [G,G] N Z(G) = 1 by Lemma 5.6. It follows
that (5.9b) is equivalent to (5.9c¢).

Now assume that G satisfies (5.9b). Lemma 5.7 says that K = v,(G) is a
minimal normal subgroup of G. Since K = [K, G|, Proposition 3.4 tells us that
K is an elementary abelian p-group, for some prime p, and that K# = K~1isa
single G-conjugacy class with size |[K#| > 2. Lemma 5.5 gives us a complement
C to K in G. Since Z(G) = 1, Lemma 5.2 says that G = K x C is a Frobenius
group with Frobenius kernel K and complement C. Furthermore, it tells us
that C is either cyclic or a quarternion group of order 8. The G-conjugacy class
K*# in the abelian Frobenius kernel K must be a regular C-orbit of length {C|.
Thus |K|=|C| +1.

If C is cyclic, then G is the semi-direct product of an elementary abelian
group K of order p" > 2, for some n > 1, with a cyclic group C of order p” — 1
acting faithfully on K. It follows that it is isomorphic to the group Ft x FX
in (5.10a) for the finite field F' of order p™.

If C is a quaternion group of order 8, then |K| = |C|+ 1 = 9. In this case G
is isomorphic to the group Eg x Qg in (5.10a). Thus (5.9b) implies (5.9d).

Suppose that G = F+ x F*, for some finite field F with order |F| > 2. It is
straightforward to compute that

¢ =12[G,G) =x(Ft x1) ifzeG-[G,G,
=[G,G1* = (FH)# x1 ifz€[G,G] -1,
=1 ifx=1,
for any £ € G. Given this information, it is easy to verify that Hypothesis A

holds.
Suppose that G = Fy x Qg. Then we have

2% = 272(G) = 2(By x Z(Qs)) if z € G~ m(G),

=273(G) = z(Ey x 1) if z € 12(G) —13(G),
= 1%(G)* = (Bo)* x 1 if x € 73(G) - 1,
=1 if x =1,

for any x € G. Again it is easy to verify that G satisfies Hypothesis A. Thus
(5.9d) implies (5.9a), and the theorem is proved. ]



Vol. 154, 2006 FINITE GROUPS 49

Our conclusions for groups satisfying Hypothesis B are given in

THEOREM 5.11: A non-nilpotent finite group G satisfies Hypothesis B if and
only if it is isoclinic to some group on the list (5.10).

Proof: 1If G satisfies Hypothesis B, then all the results in this section hold
for G and its subgroup K = 7,(G). In particular, Lemma 5.6 tells us that
[G,GINZ(G) = 1. By the argument on page 134 of [3], this implies that G is
isoclinic to its factor group G = G/Z(G). This factor group satisfies Hypothesis
A by Proposition 3.1. Furthermore, 7., (G) is the image K = KZ(G)/Z(G) =
K > 1 of 75(G) = K. So Theorem 5.8 tells us that G is isomorphic to one of
the groups on the list (5.10). Thus G is isoclinic to such a group.

Any group H on the list (5.10) is non-nilpotent and satisfies Hypothesis B by
Theorem 5.8. In view of (4.11d) and Proposition 4.12, so does any finite group
G isoclinic to H. Thus the theorem holds. n
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